We discuss analytical approximations to the ground-state phase diagram and the elementary excitations of the cooperative Jahn-Teller model describing strongly correlated spin-boson system on a lattice in various quantum optical systems. Based on the mean-field theory approach we show that the system exhibits quantum magnetic structural phase transition which leads to magnetic ordering of the spins and formation of the bosonic condensates. We determine existing of one gapless Goldstone mode and two gapped amplitude modes inside the symmetry-broken phase.
I. INTRODUCTION
Over the last few years there has been a great deal of interest in studying the many-body physics of strongly correlated spins-bosons lattice models using a table top experimental quantum-optical systems [1] . A prominent example is the recent experimental demonstration of the quantum phase transition from Mott insulator state to superfluid state of spin-boson excitations in a system of trapped ions [2] . It was shown that with the spontaneous breaking of continuous U(1) symmetry at the quantum phase transition in such models, including for example Jaynes-Cummings-Hubbard system [3] and Dickelike system [4, 5] , two-types of collective excitations emerge. One is the the gapless Goldstone mode, and the other is the gapped amplitude mode corresponding to phase and density fluctuations. Such amplitude modulation of the order parameter is referred to as Higgs mode generated by a physical mechanism analogous as the Higgs boson in high energy physics. Recently, the amplitude mode was experimentally observed in a system of strongly interacting condensate of ultracold atoms near the superfluid-insulator phase transition [6, 7] opened fascinating prospect for exploring the condensed matter excitations under controlled conditions.
In this work we present study of the collective hybrid spin-boson excitations in the cooperative Jahn-Teller (cJT) model. Originally, the Jahn-Teller model was introduced to explain the distortions and the nondegenerate energy levels in molecules, via the strong interaction between the localized electronic states and the vibrations of the nuclei [8, 9] . In solids, the cJT effect leads to structural phase transition and magnetic ordering of the spins. Furthermore, the collective effects induced by the Jahn-Teller coupling may explain the transition of some solids, such as fullerene compounds, to high-temperature superconductors [10] . With the current quantum optical technologies the cJT model can be realized in laser or magnetically driven ion crystal [11, 12] and cavity/circuit QED systems based on superconducting qubits in transmission line resonators [13, 14] . Here we focus on E ⊗ e Jahn-Teller model which possess continuous U(1) symmetry. We use path integral approach to describe analytically * Electronic address: pivanov@phys.uni-sofia.bg the quantum magnetic structural phase transition with the formation of bosonic condensates and magnetic ordering of the spins in the cJT model. Within the framework of the saddlepoint approximation we determine the mean-field solution and then consider the quantum fluctuations around the mean-field result. We show that the energy spectrum of the cJT system consists of three collective excitations branches. In the symmetry broken phase we find a linear gapless Goldstone mode and two gapped amplitude modes.
The paper is organized as follows. In Sec. II we introduce the cJT model and consider the associated continuous U(1) symmetry. In Sec. III we discuss a possible scheme for the experimental realization of the cJT model using quantum optical systems. In Sec. IV we turn to the path integral treatment of the model and determine its saddle-point. In Sec. V we consider the quantum fluctuations around the mean-field solution and find the elementary excitations of the cJT model. In Sec. VI we discuss many-body spectroscopy protocol to detect the quantum phases and the collective excitations. Finally, the conclusions are presented in Sec. VII.
II. COOPERATIVE JAHN-TELLER MODEL
We consider a chain of N spins with states ↑ j , ↓ j each one coupled symmetrically with two boson species (ε = x, y andh = 1 from now on),
The termĤ s describes the energy of the effective spins with frequency ω z , where σ c j (c = x, y, z) are the Pauli matrices for the spin at site j. Note that this term also can represent the coupling with applied external magnetic field. The tight-binding termĤ t−b describes the delocalization of the two bosonic species ε = x, y between different lattice sites with hopping matrix elements t j,l < 0 and on-site boson energy ∆ j ,
where σ ± j are the corresponding spin raising and lowering operators. We note that because of the contra-rotating terms σ 
such that we haveR(φ )Ĥ cJTR (φ ) † =Ĥ cJT . Finally, it is convenient to work in representation, where the tight-binding term In the following we discuss the realization of the cJT model using quantum optical systems.
III. IMPLEMENTATION WITH QUANTUM OPTICAL SYSTEMS
The cJT model comprises of two bosonic species and spin degrees of freedom, the specific interpretation of which depends on the actual physical system. One possible experimental setup for the realization of the model is based on the laser cooled trapped ions [15, 16] . In that case the bosonic degrees of freedom represent the local phonons, which quantify the small radial ion oscillations around the equilibrium positions [17, 18] . The hopping termĤ t−b in (1) describes the Coulomb-mediated long-range phonon hopping dynamics with hopping elements t j,l and on-site frequency ∆ j . The spins are implemented by the internal two metastable levels of the trapped ions where ω z is the effective spin frequency. The desired Jahn-Teller coupling can be realized by the interaction of the spins with an oscillating magnetic field gradient [11, 12] . Alternative realization of the Jahn-Teller coupling is based on the interaction of the ions with laser beams propagating in two orthogonal directions tuned near the respective red and blue sidebands [19] . The ion trap based realization of the cJT model offers unique opportunity to easy tuning the parametric regime of the couplings by adjusting for example the trap frequencies and the laser intensity. Although with the current ion technologies the realization of the model is restricted to one-dimension where the ions are placed in a chain, considerable progress is achieved to scaling to two-dimensional ion trap network where the ions are trapped in individual potential wells [20, 21] .
On the other hand lattice spin-boson models can be realized naturally in cavity and circuit QED systems [22] [23] [24] . Here the bosons represent a single or several quantized modes inside of an electromagnetic resonators, while the spin degrees of freedom are implemented either by real two-level atom, or artificial atoms such as quantum dot or superconducting circuit. Recently it was shown that the interaction between the quantum dot [13] or superconducting circuit [14] with two cavity modes leads to the Jahn-Teller coupling. Arranging atoms and resonators in the form of lattice can realize our model (1), with coupling between the resonators provided by the photon hopping.
In the next section, we turn to the field-theoretical treatment of the cJT model. This method allows us to determine the stationary saddle-point of the model and then consider the small fluctuations around the mean-field result.
IV. FUNCTIONAL INTEGRAL REPRESENTATION OF THE COOPERATIVE JAHN-TELLER MODEL

A. Path integral approach to the cJT model
In the functional integral treatment, the second quantized Hamiltonian of the model is translated to the phase representation with the help of the path integral formalism. In this approach the boson operators are replaced with their associated fields,
where τ is the imaginary time [25] . For the spin-degrees of freedom we choose a spin-coherent representation with coherent-state parameterized by the independent polar θ j and azimuthal ϕ j angles, respectively,
The spin operators are replaced by the corresponding Bloch vector n j = [n x, j , n y, j , n z, j ] whose components are the expectation values of the Pauli matrices with respect to the state (4) which gives
The Bloch vector has a unit length n 2 j = 1 and specifies the orientation of spin at site j. Having this in hand the partition function for the cJT model can be expressed as
with the Euclidian action given by
where β = 1/T is the inverse temperature. The Berry phase contribution to the action (7) from the spin-degrees of freedom is given by
Finally, we require that the corresponding bosonic fields have periodic boundary conditions α γ,k (β ) = α γ,k (0) and α * γ,k (β ) = α * γ,k (0). The same condition is hold and for the spin variables, where we have θ j (β ) = θ j (0) and ϕ j (β ) = ϕ j (0).
B. Saddle-Point Approximation
Next we consider the classical equation of motion, which are determined by the condition, that the variation of the action (7) with respect to the field variables should vanish,
Note that the same condition is also satisfied for the bosonic field α γ,k . The term classical refers to a mean-field solution, i.e., disregarding the quantum fluctuations. The variation of the action S with respect of the spin-degrees of freedom gives the following equations of motion
where the dynamics follow from the Berry phase term (8) .
The third condition in (9) reads
We note that because the action S (7) is invariant with respect to U(1) transformation specified in Eq. (3), the corresponding equations of motion (10) and (11) obey the same symmetry. Although the Eq. (10) describes the dynamics of the spin-degree of freedom it is not expressed in terms of n j . One way to remedy this is to introduce a new set of two orthogonal to n j vectors, namely
, 0] which form an orthogonal triad θ j × ϕ j = n j . Then the Eq. (10) is rewritten as follows
Here we have introduce the vector notation α j = √ 2[ℜα x, j , ℜα y, j , 0] for the two bosonic fields. Finally, one can combine the two equations in (12) 
where we use ∂ n j ∂ ϕ j = B × n j . Now we are in position to interpret the dynamical equation for the spins. The first term in (13) represent the effect of the externally applied magnetic field along the z direction, B = [0, 0, 1], such that for g = 0 the spins will perform precession with frequency determined by ω z . On the other hand the spin-boson interaction gives rise to an effective magnetic field α j experienced by the spin at lattice site j. In the case when the bosonic fields describe the motional degrees of freedom of the spins in two orthogonal directions, the effective magnetic field α j becomes positiondependent, which is in close analogy with the Rashba spinorbit coupling in the quantum spin Hall effect [26] . Because the vectors B and α j are always orthogonal, the spins execute precession along the axis 45 0 to both magnetic fields. We note that although Eq. (13) is purely local in a sense that it only depends on the lattice index j, the components of α j depend on the boson fields at different sites due to the tunneling elements t j,l . As we will see below such a tight-binding lattice dynamics of the two bosonic species strongly coupled to the spins are capable of forming magnetic ordering and bosonic condensates.
The stationary saddle-point is obtained by the solution of Eq. (9) with the requirement that α γ,k (τ) =ᾱ γ,k and n j (τ) = n j . Then we derive the following set of algebraic equations for the spin-degrees of freedom
where
ℜ{b k, j b * k,l } and respectively for the bosonic fieldsᾱ
Apparently, the system (14) has a trivial solution sin(θ j ) = 0 for ( j = 1, 2, . . . , N) which impliesᾱ γ,k = 0. Assuming sin(θ j ) = 0, the conditionφ j =φ l =φ solved the second equation in (14) . The latter is the arbitrary choice for a direction of spontaneous symmetry breaking where the system chooses a direction along which to order. Hear after we assumeφ = 0, such that the Bloch vector becomes n j = [sin(θ j ), 0, cos(θ j )] indicating that the spins are aligned in the xz plane. Let us now discuss the homogenous limit θ j =θ neglecting any boundary effect. In this limit Eqs. (14) and (15) can be solved exactly, which yield
The solution (16) corresponds to the classical ground-state of the cJT model. For a coupling smaller than the critical value of g c = ∆ 0 ω z /2 (g < g c ) the system is in a normal state where the Bloch vector for each spin points along the −z direction andᾱ γ,k = 0. Increasing the coupling through g c (g > g c ) drives the system to undergo a quantum phase transition to a ferromagnetic ordering of spins in xz plane and condensation of the two boson species in the lowest energy mode k = 0. Here we emphasize that for a linear ion crystal with positive hopping amplitude the saddle-point approximation is not applied straightforward. This problem can be overcome by applying a canonical transformation to the operatorsâ ε, j → (−1) jâ ε, j and σ ε j → (−1) j σ ε j in (1) [11, 27] . After this transformation to the staggered spin-boson basis the cJT model (1) is unchanged, but the tunneling is modified to t stagg j,l = (−1) j−l t j,l . The ferromagnetic spin order in the new basis, corresponds to an antiferromagnetic order in the physical basis, in which ions alternate spin direction and position.
In the following section we study the low-energy spectra of the cJT model in terms of collective excitations. We expand the action of the system around its saddle-point up to second order in the spin and bosonic fields. This leads to a Gaussian integral which can be evaluated.
V. QUANTUM FLUCTUATIONS AROUND THE SADDLE-POINT
A. Linear parametrization
Having described the saddle-point solution, we now consider the low-energy excitations of the cJT model in the symmetry-broken phase. For the bosonic fields we can use the standard linear parametrization α γ,k =ᾱ γ,k + δ α γ,k ,
where δ α γ,k describes the quantum fluctuations around the order parameterᾱ γ,k . In order to account the spin fluctuations around the state n j for each spin at site j we first perform rotation of the Bloch vector n j =R(θ ) n ′ j with rotation matrix given byR 
where the linear terms in the field fluctuations vanishes due to the conditions Eqs. (14) and (15) for g > g c . Here Ω = ω z /| cos(θ )| is the renormalised spin frequency and S ′ B is the Berry phase term in the rotating basis. Note that the S ′ B is invariant with respect to the rotation transformation, which implies that
Up to quadratic terms in the spin fluctuation fields the Berry phase can be written as
We emphasize that in order to describe the collective excitations around the mean-field solution one needs to identify the number of conjugate pairs. In our model presented here the bosonic fields δ α ε,k and δ α * ε,k in (19) are canonically conjugate variables, which leads to two independent degree of freedom. On the other hand the pairs n ′ +, j = (n ′ x, j + in ′ y, j )/2 and n ′ −, j = (n ′ x, j − in ′ y, j )/2 represent conjugate quantities corresponding to the spin fluctuations, which implies that one can expect in total three collective modes. In order to obtain the low-energy excitations, it is convenient to transform the spin fields in the momentum representation using n ′
The action (21) is quadratic in the field fluctuations, which lead to Gaussian functional integral. To diagonalize (21) one can introduce harmonic oscillator degrees of freedom for each pair of conjugate variables, such that we obtain (see, Appendix A)
where the coupling matrix B
The dispersion relation of field fluctuations around the groundstate configuration, i.e., the collective spin-boson excitations, can be found by solving the eigenvalue problem
The result is summarized in Fig. 1 where are shown the three branches of collective excitations, assuming periodic boundary conditions with nearest-neighbours bosonic tunneling t j,l = −t(δ j,l+1 + δ j,l−1 ) and bosonic dispersion ∆ k = ∆ + 2t{1 − cos(2πk/N)} [28] . The lowest-lying branch correspond to the gapless Goldstone mode ω G , which is linear for small k, i.e., ω G = c s 2πk/N + O(k 2 ) with characteristic slope c s = 2g 2 sin(θ ) t∆/(∆ 4 + 4g 4 sin 2 (θ )). The other two excitations, the so-called amplitude modes, remain gapped with ω A,± = ∆ ± + O(k 2 ), where the gaps are given by
So far, we have discussed the quantum fluctuations of the bosonic fields α γ,k around their classical configuration. Because, in the symmetry broken phase the saddle-point solution predicts formation of bosonic condensates, it is naturally to express the cJT action in terms of density and phase of the respective condensate. Such a treatment allows us to connect the density fluctuations and the local phase of the condensates with the creation of the energy gaps in the spectra of cJT model. A convenient way to do this is to adopt the polar parametrization of the bosonic fields.
B. Polar decomposition
Let us choose the nonlinear polar parametrization
of the bosonic fields entering the path integral (7) . Here the conjugate variables ζ γ, j and δ ρ γ, j describe, respectively, the local phase and the density fluctuation of the bosonic condensates around the mean-field solutionρ = (g/2∆ 0 ) 2 sin 2 (θ ). In the limit of δ ρ γ, j /ρ ≪ 1 one can expand the square root in Eq. (25) and keep only the quadratic terms of the density fluctuations. The latter condition can be fulfilled for large coupling g ≫ g c (ρ ≫ 1), where the quantum fluctuations are suppressed [11] . Assuming that the spin and bosonic fields vary smoothly on the scale of lattice constant a in a d dimensional cubic lattice one can perform gradient expansion, such that in the symmetry broken phase g > g c the continuum action becomes
Observe that the term tρa 2 (∇ζ γ ) 2 corresponds to the kinetic energy of a free particle with quadratic dispersion relation ∼ k 2 . Additionally, the spontaneous symmetry breaking gives rise to terms proportional to ζ 2 γ such that the system gain an energy gaps which are not vanish in the limit k → 0. As a result of that the conjugate pairs (ζ r , δ ρ r ) and (ζ l , δ ρ l ) lead to two gapped amplitude modes in the spectra of cJT model. Indeed, the subsequent diagonalization of the action (26) in the position-momentum representation gives an identical to B (k) a,a ′ matrix Eq. (23) where the bosonic dispersion is replaced by its long-wave length limit, ∆ k ≈ ∆ − td + t(ka) 2 .
VI. MEASUREMENT PROTOCOL
At the end we discuss the experimental verifiability of the presented results. For concreteness, we focus on the trapped ion-based realization of the cJT model. The protocol starts with the initialization of the linear ion crystal in the normal phase ground-state g = 0, by laser cooling of the radial phonons to the motional ground-state and pumping spins to ↓ j state. After that the Jahn-Teller coupling is switched on and increases adiabatically to the desired regime g > g c .
The quantum magnetic structural phase transition predicted by the mean-field solution (16) can be detected by measuring either the spin population or the phonon number. The antiferromagnetic spin order can be verified experimentally using a spin-dependent laser fluorescence, where the spins in the upper state emit light and appear bright, while the spins on the down state remain dark. The structural phase transition is related with the position reordering of the ion crystal into the zigzag configuration and creation of phonons in the lowest energy vibrational mode. These can be measured by laser induced fluorescence, which is imaged on a CCD camera and, respectively, with sideband spectroscopy which allows to determine the mean phonon number [29] . Finally, following the recent proposals [30, 31] , the dispersion relations of the excitations can be measured by the dynamical response of the system due to the weak coupling to the quantum probe.
VII. CONCLUSION
In conclusion, we have provided the path-integral formalism of the cJT model. Within the saddle-point approximation we have obtained the classical ground-state of the cJT model. The solution predicts a quantum magnetic structural phase transition with formation of ferromagnetic spin order and condensations of the two bosonic species in the lowest energy mode. We have calculated the elementary excitations of our model and found a linear gapless Goldstone mode and two gapped amplitude modes in the symmetry-broken phase.
